Shewhart's type control charts for monitoring the Multivariate Coefficient of Variation (MCV) have recently been proposed in order to monitor the relative variability compared with the mean. These approaches are known to be rather slow in the detection of small or moderate process shifts. In this paper, in order to improve the detection efficiency, two one-sided Synthetic charts for the MCV are proposed. A Markov chain method is used to evaluate the statistical performance of the proposed charts. Furthermore, computational experiments reveal that the proposed control charts outperform the Shewhart MCV control chart in terms of the average run length to detect an out-of-control state. Finally, the implementation of the proposed chart is illustrated with an example using steel sleeves data.
Introduction
Control charts are the most widely used Statistical Process Control tool. Under the usual assumptions, when implementing a control chart, the aim of quality practitioners is showing that the process position and/or scale are independently stable, to declare the in-control state for a process. However, in some processes, the location and scale are not independent of each other, that is, the population variance σ 2 is a function of the mean µ. In these situations, the process is assumed to be in the in-control state when a parameter defined as a function of both the mean and the variance is stable. When there is proportionality between µ and σ, monitoring the coefficient of variation CV is suggested: the coefficient of variation is defined as the ratio between the standard deviation and the mean. Monitoring the CV is of interest in those processes where the mean and the standard deviation may vary but their ratio is expected to be unchanged. Since the CV is a relative measure of dispersion, a control chart for the CV allows to detect the unexpected change in the ratio between µ and σ. Several control charts using different methods such as Run-sum [1] , CUSUM [2] , synthetic [3, 4] , EWMA [5, 6] have been discussed in literature to monitor the coefficient of variation of a normal distribution [7] [8] [9] [10] .
In the past, attention to the need of monitoring the Multivariate CV (MCV) has been invoked in [11] . Today, with the huge increase of data availability from industrial processes, there is an outstanding interest on tools for online monitoring of multivariate data. Therefore, considering the surveillance of the multivariate coefficient of variation is an issue worth of interest in SPM research. The first control chart aiming at monitoring the MCV was introduced by [12] : it is well known that Shewhart type control charts are easy to design and to interpret. Nevertheless, they are rather slow in the detection of small or moderate process shifts. For this reason several methods/strategies have been proposed in the SPC literature to overcome this weakness. For instance, the Run Sum control chart for the MCV was recently developed in [13] . In this paper, we propose a different approach for monitoring the MCV by using synthetic control charts.
Synthetic control charts have been widely used in literature to detect shifts in a process. The first introduction of the SyntheticX chart to the field of SPC was in [14] ; then, its properties and design strategies have been thoroughly investigated by many authors [15] [16] [17] [18] [19] [20] [21] for several monitoring statistics. Recently, [22] investigated the effect of estimated process parameters on the performance of the Synthetic chart using a Markov chain model. They have shown that the run length (RL) performance of the Synthetic chart is quite different in the known and in the estimated process parameters cases. However, as far as we know, the Synthetic control chart for monitoring the MCV has never been considered in the SPC literature. Therefore, the goal of this paper is to present and investigate the performance of two one-sided Synthetic MCV control charts. The decision to implement two one-sided synthetic MCV control charts instead of a single two-sided synthetic MCV control chart is motivated by the following reasons:
• The sample MCV distribution is asymmetrical : therefore, designing different control limits allows to get equal values of the in-control ARL for both the one-sided synthetic MCV control charts; • there is more flexibility in the design of each one-sided synthetic MCV control chart: for example, if quality practitioners know that one direction of the outof-control condition can occur more frequently than another, the control limit of each one-sided synthetic MCV control chart can be properly tuned to have a higher sensitivity vs. the most frequent shift direction.
The rest of the paper is organised as follows. A brief review of the distribution of the sample multivariate coefficient of variation is given in Section 2. The implementation of the two one-sided synthetic MCV control charts is described in Section 3. Section 4 discusses the performance of the synthetic MCV control charts. In Section 5, we illustrate a real-world example using our design. The concluding remarks are given in Section 6.
A brief review of the distribution of the sample multivariate coefficient of variation
In this Section, a brief overview of the distribution of the sample multivariate coefficient of variation is presented. Let us consider a random sample of size n, that is, X 1 , X 2 , . . . , X n from a p-variate normal distribution with mean vector µ and covariance matrix Σ, i.e., X i = (x i,1 , x i,2 , . . . , x i,p ) ∼ N (µ, Σ), i = 1, . . . , n. According to [23] , the MCV is defined as
This definition is also used in [12] and [13] . Based on this definition of the MCV, we can introduce the sample MCV and discuss its distribution. LetX and S be the sample mean vector and the sample variance-covariance matrix of X 1 , X 2 , . . . , X n , i.e.,
Then the sample multivariate coefficient of variationγ is defined in [12] 
In [12] , the cumulative distribution function (cdf) ofγ is computed as
where
is the non-central F cdf with p and n − p degrees of freedom and non-centrality parameter n γ 2 = nµ Σ −1 µ. The probability density function (pdf) ofγ can be easily obtained as
where f F (.|p, n − p, n γ 2 ) is the pdf of non-central F distribution. In Figure 1 , the pdf ofγ is illustrated with γ = 0.3, p = {2, 3, 4} and n = {5, 10, 15}. This example demonstrates the asymmetry of theγ distribution. In a similar way, [12] presented the inverse distribution function (idf) ofγ as follows
is the inverse cdf of the non-central F distribution with p and n − p degrees of freedom and non-centrality parameter n γ 2 .
Design and implementation of two one-sided the synthetic MCV control charts
In general, a synthetic control chart consists of two sub-charts: a Shewhart sub-chart and a conforming run length (CRL) sub-chart. The CRL is defined as the number of inspected samples between two consecutive nonconforming samples, inclusive of the nonconforming sample at the end [24] . one-sided synthetic MCV control chart, the Shewhart sub-chart is defined as in [12] . Therefore, a j-th sample is declared as nonconforming ifγ j , j = 1, 2, . . ., falls beyond the selected control limits of the one-sided Shewhart MCV sub-chart. As mentioned, in this study, two one-sided synthetic control charts for monitoring the MCV are designed: a lower-sided synthetic MCV control chart and an upper-sided synthetic MCV control chart. For the purpose of distinguishing the two control charts, the superscript "−" will be used for the control limits of sub-charts running the lower-sided control chart, while the superscript "+" will be used for the control limits of sub-charts running the upper-sided control chart. The operation of the one-sided synthetic MCV control charts can be summarized as follows:
Step 1 Fix the sample size n. For the synthetic lower-sided (upper-sided) MCV chart, determine the control limit H − (H + ) of the CRL sub-chart and the lower (upper) control limit LCL − (U CL + ) of the Shewhart MCV sub-chart. The synthetic lower-sided (upper-sided) MCV chart is run to detect a decreasing (increasing ) shift inγ j with a single Lower (Upper) Control Limit LCL − (U CL + ), i.e. U CL − = +∞ (LCL + = 0). Without any misunderstanding, the lower control limit LCL − of the one-sided lower Shewhart MCV sub-chart and the upper control limit U CL + of the onesided upper Shewhart MCV sub-chart can be simply written as LCL and U CL, respectively.
Step 2 At each sampling point j = 1, 2, . . ., take a sample of size n from the process and evaluate the sample MCVγ j as in (2).
Step 3 Ifγ j > LCL (respectively,γ j < U CL in case of the upper-sided synthetic MCV control chart), this sample is considered as conforming in the CRL subchart: the process is considered to be in-control and the control flow goes back to step 2 to take the next sample. Otherwise, the sample is nonconforming and the control flow goes to the next step. Step 4 If CRL > H − (respectively, CRL > H + in case of the upper-sided one-sided lower Shewhart MCV sub-chart) the process is deemed to be in-control and the control flow moves back to step 2. Otherwise, the process is declared to be in the out-of-control state and the control flow advances to the next step.
Step 5 Signal an out-of-control status to indicate a process shift. Find and remove potential assignable cause(s). Then move back to Step 2.
We assume that the occurrence of an out-of-control condition shifts the in-control MCV, denoted by γ 0 , to the out-of-control MCV, defined as γ 1 = τ γ 0 , where τ > 0 is the shift size. Values of τ ∈ (0, 1) correspond to a decrease of the in-control MCV γ 0 , while values of τ > 1 correspond to an increase of the in-control MCV γ 0 . In order to obtain the run length properties of the lower-sided Synthetic MCV control chart, similarly to [15] , we use a Markov chain where the (H − + 2, H − + 2) transition probability matrix P is equal to
where 0 = (0, 0, . . . , 0) is a (1, H − + 1) row vector, Q is a (H − + 1, H − + 1) transition probability matrix for the transient states, the (H − + 1, 1) column vector r satisfies r = 1 − Q1 with 1 = (1, 1, . . . , 1) and θ = P (γ j ≤ LCL) is the probability of a nonconforming sample on the MCV sub-chart. In case of the upper-sided synthetic MCV control chart, H − is replaced by H + and θ = P (γ j ≥ U CL).
• For the lower-sided control chart θ = Fγ(LCL|n, p, γ 1 ).
• For the upper-sided control chart
Since the calculation in case of the lower-sided control chart is similar to the one of an upper-sided control chart, in the next discussion we only focus on the synthetic lowersided MCV control chart. The differences with the upper-sided control chart will be discussed when it is required. The corresponding (H − +1, 1) vector q of the initial prob-abilities associated with the H − + 1 transient states is equal to q = (q 1 , . . . , q H − +1 ) . As proposed by [25] and [26] , the mean of the run length (ARL) and the standarddeviation (SDRL) of the run length of the synthetic MCV control chart are computed as
with
and q = (0, 1, 0, . . . , 0) , i.e. the initial state is the second one, as suggested in [22] . With this vector q of initial probabilities, we are able to obtain the zero-state performance of the synthetic MCV control chart. The subscript "ZS" stands for zero-state condition.
It is important to note that, if the process is running for some time in the incontrol condition, it will reach quite rapidly the steady-state mode. In order to study the long term properties of the synthetic MCV control chart, it is also appropriate to investigate the steady-state ARL. Using the Markov Chain approach, the cyclical steady-state mean (ARL SS ) and the standard-deviation (SDRL SS ) of the run length of the Synthetic MCV control chart are found as follows
where the vector ψ is the cyclical steady state distribution. Following [27] , we conclude that the cyclical steady-state vector is given by ψ =
The statistical design of the synthetic lower-sided MCV control control chart is a nonlinear optimization problem aimed at selecting the optimal parameters H − * such that
subject to
where ARL(n, p, H − , LCL, γ 0 , τ ) is either the zero-state ARL ZS or the cyclical steady state ARL SS of the synthetic lower-sided MCV control chart; ARL 0 is the nominal 6 "in-control" (zero-state or cyclical steady state) ARL. The optimization procedure can be summarized as follows:
Step 1 Set n, p, γ 0 , τ and ARL 0 . Set ARL opt = +∞;
Step 2 Initialize H − = 1;
Step 3 Compute LCL through constraint (16);
Step 4 Compute ARL from the current design solution H − by using either (7) or (11);
Step 5 If ARL < ARL opt , then ARL opt = ARL and H − * = H − , LCL * = LCL. Set H − = H − + 1 and go back to Step 3. Otherwise, go to Step 6;
Step 6 Take the current solution (H − * , LCL * ) as the optimal set of design parameters for the synthetic MCV control chart.
Similar to [2] , the optimal LCL is found numerically by means of a non-linear equation solver developed in the Matlab software environment. For the case of an upper-sided control chart, H − is replaced by H + and LCL by U CL. Similarly, the optimization problem is as follows:
Statistical Performance Study

Performance with known shift size
In this Section, we will use the ARL, SDRL to evaluate the performance of the synthetic MCV charts. When the process is in-control, the target ARL is denoted by ARL 0 : here, we set ARL 0 = 370.4. For the lower side synthetic MCV control chart, the optimal design parameters (H − * , LCL * ) and zero-state ARL are shown in Table 2 for different combinations of n = {5, 10, 15}, p = {2, 3, 4}, γ 0 = {0.1,0.2,0.3,0.4, 0.5} and τ = {0.5,0.75,0.9}. Table 3 illustrates the optimal design parameters (H + * , U CL * ) and the zero-state the ARL for the upper-sided synthetic MCV control chart with the same combinations of n, p, γ 0 as in Table 2 but τ = {1.1,1.25,1.5}. In case of steady-state condition, the same results are presented in Table 4 and Table 5 . From Table 2 -5, the H − * , H + * , ARL and SDRL values for both the lower-sided and the upper-sided control charts are larger when τ is close to 1. For example, by referring to Table 2 under the zero-state condition, with p = 2, n = 10, γ 0 = 0.1 and τ = 0.5, the values of ARL ZS and SDRL ZS are 1.5 and 1.1, respectively; while ARL ZS and SDRL ZS are 105.4 and 128.2, respectively when τ = 0.9. This was expected, since the shift is smaller when τ is close to 1. Similar behavior is observed with regards to the sample size n: the larger is the sample size, the smaller is the number of samples needed to detect an out-of-control situation in average; also the SDRL is smaller. For instance, as shown in Table 4 under the steady-state condition with γ 0 = 0.1, τ = 0.75, p = 4; the ARL SS and SDRL SS values are 212.5 and 211.8, respectively when n = 5, with n = 10, these values are ARL SS = 32.9 and SDRL SS = 31.7, respectively. This improved performance with n is more significant for larger values of p. Therefore, a larger sample size is recommended when more variables are monitored.
It is also observed that the ARL and SDRL values are larger for the lower-sided control chart compared to the upper-sided control chart. On the contrary, the H − * values for the lower-sided control chart are smaller than the H + * values for the uppersided control chart. For example, in Tables 2-3 , with p = 2, n = 10 and γ 0 = 0.1, ARL ZS , SDRL ZS and H − * of the lower-sided control chart are 105.4, 128.2 and 11, respectively, when τ = 0.9, while ARL ZS , SDRL ZS and H + * of the upper-sided control chart are 44.1, 57.4 and 31, respectively, when τ = 1.1. In the other words, it is easier to detect the upward shift in MCV than the downward shift. The different behavior between the lower-sided control chart and the upper-sided control chart is due to the asymmetric of the distribution of the MCV, see Figure 1 . In practice, the detection of an upward shift is usually more important, as an upward shift indicates an increase of relative variation with regard to the mean.
Both the optimal values H + * and H − * are smaller when the shift is large. In addition, when the sample size n increases, we observed that, the values of H + * decreases in both zero-state and steady-state conditions. On the other hand, the values of H − * increase in both conditions when n increases. The design optimization algorithm runs to minimize the average run length: due to the asymmetry of the distribution of the MCV, the trends of H + * and H − * are different. Moreover, it is observed that, in some cases, the values H are larger than the ARL values. For instance, at the end of Table  3 , with p = 4, n = 5, τ = 1.5, the values of H + * and ARL ZS are 26 and 19.5, respectively. In fact, as illustrated in Figure 3 , the decrease of ARL with respect to H is insignificant when the ARL is close to the minimum. For a larger value of γ 0 , a larger LCL * for the lower-sided control chart is adopted; the value of U CL * is also larger for the upper side chart. When the sample size n increases, LCL * also increases for the lower side control chart, while U CL * does not significantly change. It is also observed that the higher in-control MCV γ 0 slightly increases the average number of samples needed to detect a process shift.
PLEASE INSERT TABLES 2, 3, 4, 5 HERE
The performance comparison between the ARL values of the one-sided Synthetic MCV control charts and the ARL values of the one-sided Shewhart MCV control charts proposed in [12] is provided in Table 6 . The The performance comparison has 8 been undertaken by defining the following index ∆ E
where ARL SH is the average run length value for the Shewhart MCV control chart, while ARL syn is the average run length value for the synthetic MCV control chart.
If ∆ E > 0, then the Synthetic MCV charts outperform the Shewhart MCV charts; if ∆ E < 0, then the Shewhart MCV charts outperform the Synthetic MCV charts. The obtained results presented in Tables 6, rounded to the nearest integer, show that the Synthetic MCV charts outperform the Shewhart MCV charts for both the lower-sided and the upper-sided control charts. The Synthetic MCV charts are significantly better than the Shewhart MCV charts when the shift size is large, i.e. |τ − 1| is large.
PLEASE INSERT TABLE 6 HERE
Performance with unknown shift size
We already know that the synthetic MCV control charts can be optimally designed in terms of ARL for quickly detecting anticipated shift sizes. However, in practice, the shift size τ to the out-of-control condition cannot be predicted with sufficient precision. In order to overcome this problem, the uncertainty related to the shift size prediction can be tackled by considering τ as a random variable and selecting a statistical distribution to model it. Several potential statistical distributions have been considered in the literature, see [28] . If the quality practitioner wants to get an optimal design of a control chart with respect to a range of shifts sizes Ω = [a, b], without any preference for a specific size, then the uniform distribution can be selected to give an equal weight to each shift size included within the interval Ω, see [28] . Therefore, in the second step of our numerical analysis, we have computed new optimal couples (H − * , LCL * ) or (H + * , U CL * ), such that
• For the lower-sided control chart:
• For the upper-sided control chart:
where EARL (Expected Average Run Length) is equal to
and ARL is defined as in (7). The new optimal couples ((H − * , LCL * ) and (H + * , U CL * )) and the values of EARL are presented in Tables 7-8 for Ω = [0.5, 1) (decreasing case, denoted by (D)) and Ω = (1, 2] (increasing case, denoted by (I)). Table 7 presents the zero-state performance, while Table 8 presents the steady state performance.
Similar to the known shift case, EARL values are larger for the lower-sided chart, if compared to the upper-sided chart. While the H − * values are small compared to the H + * values. Detecting the upward shift in MCV is easier than the downward shift. As expected, the control chart sensitivity improves with the sample size. Increasing the sample size n also leads to a tighter in-control interval on the chart. It is also observed that the higher in-control MCV γ 0 slightly increases the EARL values. With regards to the number of monitored variables, the values of EARL increase with p. Therefore, a larger sample size is always recommended when we have more correlated variables.
PLEASE INSERT TABLE 7, 8 HERE
The performance comparison between the ARL values of the Synthetic MCV control charts with the ARL values for the Shewhart MCV control charts (on both uppersided and lower-sided cases) is also conducted. The comparison indices computed by (19) are provided in Table 9 . The results show that the Synthetic MCV charts always outperform the Shewhart MCV chart in the unknown shift case. Moreover, the Synthetic MCV control charts perform much better when more samples are taken.
PLEASE INSERT TABLE 9 HERE
In addition, we also make a direct comparison of ARL values with the run sum MCV control chart developed by [13] . The experiments in [13] are only conducted with γ 0 = {0.1, 0.3, 0.5}, p = {2, 3} and n = {5, 10}, see Tables 1-4 in [13] . The value of ARL 0 in this comparison is 370. Under the zero-state condition, as shown in Table 10 , the upper-sided synthetic control chart is able to detect sooner the upward shift in MCV. For example, with γ 0 = 0.1, τ = 1.25, p = 3 and n = 10, the results of ARL are 9.1 and 11.8 for the synthetic upper-sided MCV and run sum MCV control charts, respectively. However, the run sum MCV control chart performs better than the synthetic lower-sided MCV control chart in detecting the downward shift. Similarly, when the shift size is unknown, the synthetic MCV control charts are faster than the run sum MCV control chart in detecting upward shifts.
PLEASE INSERT TABLE 10 HERE
Finally, we compare the performance of the synthetic MCV control charts with the very recent adaptive MCV control charts designed in [29] . In order to make a fair comparison, only the upward control charts are investigated and the parameters used in [29] are γ 0 = {0.1, 0.3, 0.5}, p = {2, 3}, τ = {1.25, 1.5} and n = {5, 10}, see Tables  3-4 in [29] . And a Synthetic chart is considered as a fixed sampling interval control chart with h = 1. As presented in Table 11 , the variable sample size and sampling interval (VSSI) and variable sample size (VSS) MCV control charts outperform the Synthetic MCV control chart. On the other hand, the Synthetic MCV control chart gives a better performance than the variable sampling interval (VSI) control chart in most cases. However, it should be noted that, in [29] , the results are only given under the steady-state condition. Moreover, the Synthetic MCV charts work well under the zero-state condition. Therefore, we cannot draw a general conclusions about the performance difference.
PLEASE INSERT TABLE 11 HERE
Illustrative example
In this Section, we discuss the implementation of the upper-sided and the lower-sided control charts. The context of the example presented here is similar to the one introduced in [13] . As discussed in [13] , the data are obtained from a company, for which the quality characteristics are the inner diameters A and B, whose measurements are presented by (X 1 ) and (X 2 ). From phase I, the value of MCV has been estimated, i.e. γ 0 = 0.089115. The data collected during the phase II process with sample size n = 5 are shown in Table 1 In this case, the upper-sided and the lower-sided control charts, which are designed for a quick detection of a 25% increasing shift (i.e., τ = 1.25) and a 25% decreasing shift (i.e., τ = 0.75) in the MCV, are implemented simultaneously. Based on the optimization procedure in Sec. 3 with ARL 0 = 370.4, we obtain (H + * = 22, U CL * = 0.1487) and (H − * = 3, LCL * = 0.0221) for the upper-sided and the lower-sided control charts respectively.
The corresponding valuesγ i are presented in the rightmost column of Table 1 and plotted in Figures 4 and 5 , respectively. At sample #4, a point is plotted above U CL * = 0.1487 and a conforming run length CRL 1 = 4 < H + * = 22 is recorded. Therefore, 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 Table 1 .
the upper-sided control chart triggers an alarm signaling at sample #4. Conversely, the lower-sided control chart does not detect any out-of-control signal.
Concluding remarks
Monitoring the multivariate coefficient of variation is recently receiving growing attention in the context of SPC. In this study, we proposed two one-sided synthetic control charts for monitoring the MCV: synthetic lower-sided and synthetic uppersided MCV control charts. By combining the Shewhart chart with a conforming run length (CRL) chart, the performance of the control charts are significantly improved. The paper presents both zero-state and steady-state conditions for the control charts. For both fixed values of the shift size τ and unknown shift size, several tables presenting the optimal design parameters and out-of-control ARL corresponding to different values of the in-control MCV γ 0 have been discussed. In this paper we also illustrate a practical example from a manufacturing process.
The synthetic control charts for monitoring MCV are simple to implement, yet effectively enhance the detection ability. A comparison with the one-sided Shewhart MCV control charts demonstrated the clear outperformance of the synthetic one-sided MCV control charts. The synthetic upper-sided MCV chart also performs better the run sum MCV chart. The future research about monitoring the MCV can be extended to adaptive schemes with variable parameters and the design of EWMA and CUSUM control charts. 
